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Supervised Learning

e Data: (x, y)
— X is data
— v is label

* Goal: Learn a function to map x ->vy

 Examples: Classification, regression, object detection, semantic
segmentation, image captioning, machine translation, question
answering, and etc.



Density Estimation

* Data: x
— Just data, no labels!

1-d density estimation

* Goal: Learn some underlying hidden
structure of the data

2-d density estimation



Unsupervised Learning: Generative models

Take samples from a distribution and learn the probability distribution underlying them

s

Training data ~ p..(X) Generated samples ~ p

1-d density estimation

model(x

Want to learn p__,.,(X) similar to p_. ()

2-d density estimation



Generative Models

Given training data, generate new samples from same distribution

o4 =y

Training data ~ p_,.(X) Generated samples ~p_ . (X)

Want to learn p_ _,,(X) similar to p_._(X)

* Formulate as density estimation problems:
— Explicit density estimation: explicitly define and solve for p,,,pqe1 (%)

— Implicit density estimation: learn model that can sample from p,,,401(X)
without explicitly defining it.



Generative Models

* Task: Given a dataset of images {X;,X,, ..., Xy} can we learn the
distribution of X?

* Given a dataset of training data, generative models find the
distribution of data as P(X)

* However, we sometimes interested in only sampling from this
distribution.
— Instead of knowing P(X) itself.



Generate samples given training examples

* Given training data, learn to generate samples from the same
distribution as these ones.

some training samples
generated samples

[CelebA dataset]
Karras et al., Progressive Growing of GANs for Improved Quality, Stability, and Variation, ICLR 2018.  ’/



Generative models

* Most of generative models are based on a latent space

P(x) = f p (x| 2)p(2)dz

 But, we first introduce Fully visible belief network (FVBN) or
autoregressive generative models

T
p(xy, ..., Xp) = 1_[ P(x;|xq, ., Xe—1)
t=1



Fully visible belief network

* Explicit density model

e Use chain rule to decompose likelihood of an image x into product of
1-d distributions:

T
P(X1, 0, X7) = 1_[ P(xi|xq, e, Xt_q1)
t=1

Likelihood of Probability of i'th pixel value
Image X given all previous pixels

.. . ] o To model the above conditional
* Then maximize likelihood of training data distribution, it used a neural network

It needs ordering of variables



Autoregressive generative models

* Language modeling
— Sequence of tokens from a finite vocab
— We learn the distribution P(w¢,1|wy, ..., w¢) by an RNN

ARak

C Text Generati%bn Model )

ITITUE

 PixelRNN and PixelCNN
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p(x) =P(513175132, “°7$n2)

Chain rule:

n2
p(x) = Hp(fEi|fE1, oy Ti—1)
i=1

Oord et al., Pixel recurrent neural networks, ICML 2016 H



Pixel CNN

* PixelRNN has sequential process that is slow!

e Still generate image pixels starting from corner

* Dependency on previous pixels now modeled using a CNN over
context region
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Oord et al., Conditional Image Generation with PixelCNN Decoders, 2016



Pixel CNN

e Still generate image pixels starting from corner

* Dependency on previous pixels now modeled softmax loss at each pixel

using a CNN over context region ‘ |

? 255

~
-
~
~
N
a

0
* Training: maximize likelihood of training images
n ,’I‘/I
p(z) = || p(zilz1, ..., zi1)
i=1

Oord et al., Conditional Image Generation with PixelCNN Decoders, 2016
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Pixel CNN

e Still generate image pixels starting from corner
* Dependency on previous pixels now modeled softmax loss at each pixel

using a CNN over context region
* Training is faster than PixelRNN u
. . . . 0 255
— can parallelize convolutions since context region f
values known from training images A
* Generation must still proceed sequentially => / /
still slow

14
Oord et al., Conditional Image Generation with PixelCNN Decoders, 2016



Generated Samples
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Oord et al., Conditional Image Generation with PixelCNN Decoders, 2016



PixelRNN and PixelCNN

Pros:

Can explicitly compute likelihood
p(x)

Explicit likelihood of training
data gives good evaluation
metric

Good samples

Con:

Sequential generation => slow

Improving PixelCNN performance
- Gated convolutional layers
- Short-cut connections
- Discretized logistic loss
- Multi-scale
- Training tricks
- Etc...

- Van der Oord et al. NIPS 2016
- Salimans et al. 2017
(Pixel CNN++)

16



* A deep generative model of raw audio waveforms

* Can synthesize audio signals such as speech and music
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Oord et al, WaveNet: A Generative Model for Raw Audio, SSW 2016.

Output
Dikation = B

Hidden Layer
Dikation = 4

Hidden Layer
Diation = 2

Hidden Layer
Diation = 1

Input
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L atent variable models



What is a latent variable?

* Explanatory factors of data

19



Dimensionality reduction: Autoencoders

* Unsupervised approach for learning a lower-dimensional feature
representation from unlabeled training data

— Train such that features can be used to reconstruct original data
* “Autoencoding” - encoding itself

Features z

I Encoder

Input data €T

20



Autoencoders

* Unsupervised approach for learning a lower-dimensional feature
representation from unlabeled training data

— Train such that features can be used to reconstruct original data
* “Autoencoding” - encoding itself

Reconstructed 7
input data
I Decoder
Features Z
I Encoder
4

Input data

21



Autoencoders

* Encoder: The “Analysis” net which computes the hidden representation

* Decoder: The “Synthesis” which recomposes the data from the hidden representation

Train such that features _ |
can be used to L2 Loss function: Reconstruction loss

reconstruct original data |z — 53”2 <

!

Reconstructed 5:
input data
I Decoder
Features Z
I Encoder
e

Input data

22




AEs without a non-linearity

hidden layer has a
linear activation

Y = WX

X=WTy

e This is similar to PCA

E =||X —W"WX||? Find W to minimize Avg[E]

— The output of the hidden layer will be in the principal subspace

* Even if the recomposition weights are different from the “analysis” weights

23



“Deep” autoencoders

* When the hidden representation is of lower dimensionality than the
input, often called a “bottleneck” network
— Nonlinear PCA

— Learns the manifold for the data

 |If properly trained ”



Autoencoders

* Unsupervised approach for learning a lower-dimensional feature
representation from unlabeled training data

— Train such that features can be used to reconstruct original data
* “Autoencoding” - encoding itself

Originally: Linear +
nonlinearity (sigmoid)

Later: Deep, fully-connected
Decoder Later: ReLU CNN (upconv)

Reconstructed
input data

Originally: Linear +
nonlinearity (sigmoid)

Later: Deep, fully-connected
Later: ReLU CNN

Encoder

T
Features Z
I

Input data
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Autoencoders

* Unsupervised approach for learning a lower-dimensional feature
representation from unlabeled training data

— Train such that features can be used to reconstruct original data
* “Autoencoding” - encoding itself

Originally: Linear +
nonlinearity (sigmoid)

Later: Deep, fully-connected
Decoder Later: ReLU CNN (upconv)

Reconstructed
input data

z usually smaller than x
(dimensionality reduction)

Originally: Linear +
nonlinearity (sigmoid)
Encoder Later: Deep, fully-connected
Later: ReLU CNN

Q: Why dimensionality
reduction?

A: Want features to
capture meaningful Input data
factors of variation in 6
data

T
Features Z
I




Autoencoders: Pretraining

* Pre-train the encoder with (unlabeled) data

Doesn'’t use labels! ’th!-

L2 Loss function:

|z —&[* <

Train such that features
can be used to
reconstruct original data

!

Reconstructed

input data

Features

Decoder

Encoder

Input data

l

Reconstructed data

B L&ES
i A8 S
-H: LT

Encoder: 4-layer conv
Decoder: 4-layer upconv

4
Input data

e = I
BN.&NS
i RS
i <« MBS -




Autoencoders as pretrained models

* AEs can learn features to initialize a supervised model

e Supervised Finetuning L oss function
(Softmax, etc)

N

Predicted Label | ¥
I Classifier
Encoder can be Features 2z
used to initialize a
supervised model T Encoder
Input data €T

Fine-tune
encoder
jointly with
classifier

bird plane
dog deer truck

Train for final task
(sometimes with
small data)

L

28



Autoencoders

Reconstructed
input data

T
Features 2 \ After training,
h

Input data

29



Can the decoder of AE be used for data generation?

A sample

* Varying the hidden value will move along this non-linear manifold

— Simply varying the hidden representation will result in an output that lies along the major axis

* The decoder can only generate data on the manifold that the training data lie on

* This also makes it an excellent “generator” of the distribution of the training data

— Any values fed to the (hidden) input to the decoder will produce data similar to the training data

30



Some examples

2-D input

* Encoder and decoder have 2 hidden layers
representation has one hidden unit

* Model seems to learn underlying helix structure

20 A

10 A

of 100 neurons, but hidden

T
=20

T
-10

T
10

T
20

400

300

200

100



The learned manifold

40 700
350
30 A

650
300
201
250 600

10 A
200

- 550

I 500
- 100
—10 A

50 - 450

—-20 4

* Not a “clean” function even in range of training points (Red)

— Color shows value of z
— z does not vary smoothly along the curve, but bounces back and forth

— Learns manifold structure (bar) that is not represented in training data

* Does not generalize outside the range of training points (Blue)

— Extending the range towards the center of the spiral resulted in decoded values outside the page!
32



The learned manifold

40 - 700

350

301 650

300

@) @)
250 600
O 000 O 104
+200
L 550
04 I 150
I 500
I 100
2: -10
50 450
-20

* Not a “clean” function even in range of training points (Red)
— Color shows value of z
— z does not vary smoothly along the curve, but bounces back and forth

— Learns manifold structure (bar) that is not represented in training data

* Does not generalize outside the range of training points (Blue)

— Extending the range towards the center of the spiral resulted in decoded values outside the page!
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Another example

* Learning to reconstruct a sinusoid

— Input (left): data on a spiral manifold

— QOutput (right): Decoded data

 AE seems to “learn” the underlying curved

manifold

 The model is specific to the training data. /

— Varying the hidden layer value only generates
data along the learned manifold

* May be poorly learned . / /




Latent space

* Neural Networks like Autoencoders can be used for representation generation

* Can auto-encoders find latent space?

— Bottleneck hidden layer forces to learn a compressed representation

— Reconstruction loss forces the hidden layer preserve as much as information about the data
as possible

* Only generates data along the learned manifold
— This may be poorly learned
— Any and every input will result in an output along the learned manifold

35



Latent space properties

* For the generation purpose, we need the latent space shows the
following properties:
— Continuity: Similar point in the latent space will be similar after decoding

— Completeness: Samples of the latent space lead to meaningful content after
decoding

This slide has been adapted from Ava Amini & Alex Amini °



Latent variables

We define a simple distribution on the latent space, i.e., p(z) and a decoder
network pg(x|z) to map the latent variable to the data space

p(x) = j p(x|2)p(2)dz

p(z)

37



Variational Auto Encoder (VAE)

e ~N(0,1)

VAE loss: L(x; 8, @) = reconstruction loss + regularization term

38



Variational Auto Encoder (VAE)

qg(z1%) = N(pg (%), 04 (x)?)
A

\

e po () + €0y () G 8:': o~

T g )O\ / T \ ‘O‘ ;:-: ‘:,: N
U(;,(:B) Of

e ~N(0,I)

VAE loss: L(x; 8, @) = reconstruction loss + regularization term

39



Variational Auto Encoder (VAE)

qg(z1%) = N(pg (%), 04 (x)?)

A

# :: anj \ | / K¢ (.’L’) \

VAE loss: L(x,0, ¢) =

T oy() A

reconstruction loss

0 - 20|

po(T) + €0y () EZ e

e ~N(0,I)

+

\

St OO R0
% -s)o' E," :‘-s)o
NNOZEROAZ0
A Vv

regularization term

KL(q(z|x)lIp(2))

Fixed prior on the
latent distribution

40



Variational Auto Encoder (VAE)

qp(z1%) = N(pg (%), 04 (x)?)

VAE loss: L(x, 8, ¢) =|reconstruction loss |+ regularization term

[x® — 2@ KL(qg(2x®)IIN(O, D))

l _ _ Common choice of prior
fo(z) = f (u¢ (x(l)) + €0y (x(l))) on the latent distribution

41



KL between two Gaussians

* KL between two Gaussians can be easily computed in a closed form

* KL between q4(z|x) and N(0,1):

D (4 210NN, 1) 2(0, + 112 —log gy — 1)

42



Variational Auto Encoder (VAE): Prior distribution

* Encourage encodings to be evenly distributed around the center of the latent
space

* Penalize the network when it tries to memorize data

43



What does the VAE actually do

p(X|2)
&

Skintone: *

Gender

Glasses

Hair color: =

A

A\

el - |
-

Latent distributions

Smile: 0.23

Skin tone: 0.02

Gender: 0.18

Beard: 0.71

Glasses: 019

Hair color: 0.33

Smile: 0.17

Skin tone: 0.28

Gender: 011

Beard 0 66

Glasses: 014

MHair color: 0.26

=2

Sampled latent attributes

Image credit: Jeremy Jordan’s blog post.

l
X
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What does the VAE actually do

Penalizing reconstruction loss
encourages the distribution to
describe the input

>

I\

-5 0 5

Our distribution
deviates from the
prior to describe
some characteristic
of the data

Without regularization, our
network can “cheat” by learning
narrow distributions

-

With a small
enough variance,
this distribution is
effectively only
representing a
single value

Penalizing KL divergence
acts as a regularizing force

Attract distribution
to have zero mean

A

| |
-5 0 5
Ensure sufficient variance to
yield a smooth latent space

The VAE objectives arranges data on a compact manifold (we can sample

from) in a continuous smooth way.

Image credit: Jeremy Jordan’s blog post
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Theory of VAE



Variational Autoencoders

* Probabilistic spin on autoencoders
— will let us sample from the model to generate data!

Assume training data {x(i)}zN: , is generated from underlying unobserved (latent)
representation z

Sample from
true conditional T Intuition (remember from autoencoders!):
' i X is an image, z is latent factors used to
Po~ (w | Z(z)) generate x: attributes, orientation, etc.
Sample from
true prior
b Z
po~(2)

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014



Variational Autoencoders

We want to estimate the true parameters §*
Sample from of this generative model.

true conditional I _
po-(z | z®) A How should we represent this model?
rl?:tc;\?:rekr Choose prior p(z) to be simple, e.g.
Sample from Gaussian.
true prior > _
Conditional p(x|z) is complex (generates

po-(2) . |
image) => represent with neural network

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014



Variational Autoencoders

We want to optimize the true parameters
6~ of this generative model

How to train the model?

Sample from
true condlthnal i{) Learn model parameters to maximize
po (T | Z(z)) likelihood of training data
Decoder
network f pO p9 £E|Z)
Sample from
true prior A Q: What is the problem with this?
po~(2) ' P |

Intractable!

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014



Variational Autoencoders: Intractability

Data likelihood: pg(z) = | pe(2)pe(z|2)d=

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014



Variational Autoencoders: Intractability

Data likelihood: pg(z) = [ pg )po(z|2)dz

f

Simple Gaussian prior

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICER 2014



Variational Autoencoders: Intractability

v
Data likelihood: pe(z) = | pg )po(z|2)dz

\

Decoder neural network

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014



Variational Autoencoders: Intractability

V v
Data likelihood: pg(z f po(2)pe(z|2)dz

f

Intractible to compute
p(x|z) for every z!

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014



Variational Inference

logpe(x) = logz Pe (X, z)

Z

= log 2 q(z) pgq((xZ,)Z)

po(x,z)
> z (z) 1o Jensen Inequality
~ RO

= 0,1 logpe(xclzZ(?;B(Z) = [Eq()l10gPe(x12)] — KL(a(2)]IPe (2))

L,(x,6) Evidence Lower Bound (ELBO)

54



When is the ELBO gap minimized?

We want to maximize the log-likelihood
What is the gap between ELBO and likelihood?

logpe(x) = Lg(x,0) + KL(q(2)|Ipe(z]|x))

To minimize the ELBO gap, we need q(z) = pg(z|x)

However pg(z|x) is intractable

55



Why is posterior intractable?

* For many models with latent variables q(z) = pg(Z|X) is intractable
Do (ZIX) = Pe(Z)Pe(Xlzg
? po(X)

* Since we need integral over z that is intractable

po(X) = [ Po(X12p(2)a2

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014



Lower bound for log likelihood

log p(x) — Ez~q(z|x) [log p(X)] (p(x) does not depend on z)
. 1 _p(x|z)p(2) ’ rul
= Ez-qz0) _lOg 7 (Z]0) (Bayes'rule)
. [ p(x|z)p(z) (Multiply by constant)
= Exqteto [log (5 )
(z]x)
= Ez~q(z|x) llogp(x|z)] — Ez~q(z|x) llog (qp?;)c )] + Ez~q(z|x) llog( )]

— Ez~q(z|x) [logp(xlz)] — DKL(CI(le)”p(Z)) + DKL(CI(le)”p(le))

57



Lower bound for log likelihood

logp(x) = Ez~q(z|x) [log p(X)]

p(x|z)p(z)

(p(x) does not depend on z)

(Bayes’ rule)

— Ez~q(z|x) _log

p(z|x)
p(x|z)p(z)

— Ez~q(z|x) _log(

p(z|x)

)

(Multiply by constant)

= E;q(eo (108 P12 = By 108 (E252) ] + Es-qapo log (iilﬁi)]

p(z)

— Ez~q(z|x) [logp(xlz)] — DKL(CI(le)”p(Z)) + DKL(CI(le)”p(le))

*

Decoder network gives p,(x|z), can
compute estimate of this term through
sampling. (Sampling differentiable
throuah reparam. trick. see paper.)

*

This KL term (between
Gaussians for encoder and z
prior) has nice closed-form
solution!

*

Pg(z|x) intractable (saw
earlier), can’t compute this KL
term :( But we know KL

divergence always >= 0.
58



Lower bound for log likelihood

logp(x) = Ez~q(z|x) [log p(x)] (p(x) does not depend on z)
_ . px|z)p(2) " rul
= Ez~q(zx) _108 P (z|%) (Bayes'rule)
_ [ p(x|z)p(z) _ q(z]|x) (Multiply by constant)
= Ezqtai _log( ) q(ZIX))]

= E; g 108 Px|2)] ~ Eyegiap |10 (qﬁg))‘ + Eyq(ai) 108 (Zg:z;)]

= Ez~q(z|x) [logp(xlz)] - DKL(CI(le)”p(Z)) + DKL(CI(le)”p(le))

Tractable lower bound which we =0
can take gradient of and optimize!
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Lower bound for log likelihood

logpe(x) = Ez~q¢(z|x) [log Peo (x)]

= EZ~CI¢(ZIX) _log
_ (x|2)pe(2) _ a9 (2]x)
= Ez~61¢(z|x) _108 (pe X120Po(2) ¢ )]

=F

po (x|2)pg(2)
Peo(z|x)

Po(z|x) q¢(z]x)

(p(x) does not depend on z)

(Bayes’ rule)

Tractable lower bound which we
can take gradient of and optimize!
pg (x|z) is differentiable,

KL term is also differentiable.

(Multiply by constant)

i : i q¢(z]x) q¢ (z]x)
z~q¢(z|x) -log Pe (x Z)_ - Ez~q¢(z|x) _log( 1o(2) )] + Ez~q¢,(z|x) [log (p9(2|x)
E gy (211108 Po (x12)] — Dicz (44 (212)1ps (2)) + Dis (a9 (210 Ipe (1) )

= 0

60
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Lower bound for log likelihood

log pg (x) — Ez~q¢(z|x) [log Peo (x)]

= Ez~q4(zlx) |108
—10 o (pe(xlz)pe(z) o qcp(zlx))]

l0g (%2 25°)] + Ex-a 0 [108 (3255)

= EZ~CI¢(Z|X) _

po (x|2)pg(2)
Peo(z|x)

Po(z|x) q¢(z]x)

— Ez~q¢(z|x) [log Po (X|Z)] _ EZ~CI¢(Z|X)

(p(x) does not depend on z)

(Bayes’ rule)

Ez~q¢(z|x) [log pe(x|2)] — Dk, (Chl) (z

X)||P9(Z)) +

L(x,0,p)

(Multiply by constant)

Dy (a9 (212) |1 (21x))

=0

Training: Maximize lower bound

logpg(x) = L(x,0,9)

Evidence Lower Bound (ELBO)

0%, ¢* = argmaxz L(xWV, 0, )
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General solution

* Introduce inference distribution g4 (Z|X)
* To minimize the ELBO gap we choose q(2) = q4(Z]X).

Solution: In addition to decoder network modeling py(x|z), define additional ’

encoder network q ¢(z|x) that approximates p,(z|x) ' )
q(Z|X) ! p(X|Z)

Will see that this allows us to derive a lower bound on the data likelihood that is v

tractable, which we can optimize . @

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014



ELBO using the decoder network

 The ELBO consists of two terms: reconstruction and a KL
regularization:

Lo () = Eq, z1)[PoX12)] = KL(ap ZIOIIP(2))
Y

Reconstruction Regularization

* 4 (Z|X): multivariate normal distribution parameterized by a neural
network

q4(Z|X) = N(Zl,u(p(X), a¢(X))

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014 >



Encoder network

* Model q4(z|x) with a neural network (called encoder network)
* Assume q4(z]x) to be Gaussian

* Neural network outputs the mean vector ug (x) and standard deviation vector o4 (x)

* Called recognition/inference network

e (x) ogp(x)
- -

Encoder network
qe(z]x)

64



Decoder network

* Model pg(x|z) with a neural network (called decoder network)
— let fg(2) be the network output.

— Assume pg(x|z) to be i.i.d. Gaussian, e.g.,
« x = fy(z) +n,wheren ~ N(0,0%])

* Called also generation network

x=fg(z) +1

Decoder network
po(x|z)

65



Variational Autoencoders

Maximize likelihood of
original input given z or f(z)

X~fo(z) + N(0,02I)

Decoder network

. | Pe(z]|x)
EZ~Q¢(Z|x(i))[108P0 (x@D1z)| — Dk, (q¢(z|x(‘))||p9 (Z))

Z
AoX
Make approximate posterior

Hep(x) ag(x)
distribution close to the prior an

Encoder network
qe(z]x)

X

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICER 2014



Variational Autoencoders

* Putting altogether=maximizing likelihood lower bound

Maximize likelihood of
original input given z or f(z)

X~fg(z) + N(0,021)

Decoder network

. | Pe(z]|x)
EZ~Q¢(Z|x(i))[108P0 (x@D1z)| — Dk, (Q¢(Z|x(1))||l99 (Z))

\~N (g (x), TG(% ()
f
Make approximate posterior

He(x) 0¢(x)
distribution close to the prior an B

Encoder network

Z|x
For every minibatch of input qe(z]%)
data: compute this forward

pass, and then backprop! X

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICER 2014



Optimizing the ELBO

Need to compute

V6,6Eznq, (21108 Po(X]2)] = V4.6E2nq, (21 [108 Pa(x|2)]

This slide has been adapted from Chelsea Finn, CS330 °f



Cost function

If we consider: N e
pe(x|z) = N(fy(2),0%I) pe(x|z) = T T

We have:
1
logpg(x|z) = C — 2f‘zllx — fo(DII*

e Putting it all together (given a (x, z) pair where Z~q¢(z|x))'
L == llx = fo(@II* + Dxr[q4(z]x)|Ip(2)]

20_2 \

= N(O, I
Corresponding to Ez~q¢(z|x) [log pg (x|2)] p(z) (0,1)

term since z~q¢(z|x) in the training data

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICER 2014



Maximizing ELBO

* Maximizing ELBO composed of:

— Reconstruction cost: The expected log-likelihood measures how well samples from g(z|x) are
able to explain the data x.

— Penalty: Ensures that the explanation of the data g(z|x) doesn’t deviate too far from your
beliefs p(z).

 When approximate posterior distribution g(z|x) is the best match to true posterior p(z|x) this
lower bound gets tight

n
argmax 2 L(x®,0,0)

0,9
Z EZ~CI¢ (Z|x(i)) [log Po (x(i) |Z)]
=1

i z Dk, (49(21xD)lIpe ()

Reconstruct the input
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Reparameterizing the sampling Iayer

Decoder network Decoder network
po (z|x) po (z|x)

Z~N(,u¢(x) a¢(x)) z~/,t¢(x) + O'¢ (x)xe e~N(0,1)
Hcp(x) a¢(x) u(p(x) 0¢(x)
an G an G

Encoder network Encoder network
qe(z]x) q¢(z|x)
X X

Reparameterization trick
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Reparameterizing the sampling layer

l Backpropagation

Stochastic x
node
M¢(X)
O'(p (X

-

X ¢

7 Backpropagation
Deterministic
node
u¢(x)

0 (x)
¢ e~N(0,1)

K\\ .

X ¢

Backpropagation through samples is now

possible &



Reparameterization Trick




Reparameterization Trick




Reparameterization Trick




Reparameterization Trick

Reparameterization Trick

For T = [+ Ue,where




Optimizing the ELBO

Need to compute

V 6,6E2nq, (21108 Po (X|2)] & V4.6E,nq, (21 [108 po(x|2)]

Reparameterization Trick:

Z = py(x) + eoy(x), where e ~ N(0, /)

This slide has been adapted from Chelsea Finn, CS330 "



Optimizing the ELBO

Need to compute

V6,6E2nq, (21108 Po (x|2)] & V4.6, q, (21 [108 po(x|2)]

Reparameterization Trick:

Z = py(x) + eoy(x), where e ~ N (0, /)

V,0Ezq, (21008 Po(x[2)] = V4,0 Z'Og Po (x| s ( )+€U)U<»(X))

zU)NN(u¢(X) a4(x))

In practice usually M = 1.

This slide has been adapted from Chelsea Finn, CS330 ¢



Variational Auto Encoder (VAE)

N
1 . . . . .
rE?Q}WZ log pg (x(” s (x @) + E%(x(‘)))) = Dys, (N (g (x®), 03 (x®)) 1IN(O, )
L=

This slide has been adapted from Chelsea Finn, CS330 79



Generate Image: At Test Time

* Remove the Encoder
e Sample z ~ N(0,l) and pass it through the Decoder.
* No good quantitative metric, relies on visual inspection

f(z)
A

Decoder
(P)

1

Sample z from N (0. )

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICER 2014



Generating Data!

g
S
Q
)
O
@
-
Q
O
)
D)
<C
qu
-
O
+—
qu
K
©
=

* Sample from the prior and use the decoder to generate an image

DAV NANNANAANNNNSNNNNNS
VAV LELLLLLLW NSNS~
QAVIYN L LLLLVYY Y NN~
QAVVUNINNLEL GIVVY e -~~~
QAVVHLHINNNNWWBBVDIVIY @ - -
QOO HINININMEEBPBDIIDIIDD @ - - —
QOAOAQODIMIMNMMMNoNMBDIID D W - —
QOQOMMMMN N W®D DD P "
OODMMM MMM MDD D P e e
QODMWMMM MMM W®P DD e e
QOOMMMM MM N 00O O W e o o e e
QOMMM MM " 0" 000000 o en on o o
QAN I 02 0P 000000 0t o o
N L LG R R Rl S
SR LLELELEGE i kol R SR SR S
S dadogorororororrraaaon,s
SdadadaddogrrrrrrrTIIINN
SddddgorrrrrrdFITITRIRNN
SAdITTTTTrrrrrrrPrrr222NN
I g g ol ol ol ol ol ol ol ol ol o S NN N NN

X~f9(z) + N(0,0%])
Z~N(0,1)

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICER 2014



Generating Data!

Vp
S
Q
o
O
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©
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Data manifold for 2-d z

AN NANNANAANANNNNSNSNNNNS
QAR LELLLLLLW NSNS~
QAVIY L LLLVYY Y NN~
QAVVUNINNLLLWLIVVIS e~
QOAVDHLHLNNHVEWWBWBDIVI S - -~
QOOODLINHINNNHEBPBIIIE 9 - - —
QOAOOOIMHINMMMEWMBDIIID D W - —
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OO0DMMOMMMMM N0 WM DD e
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Kingma and Welling, “Auto-Encoding Variational Bayes”, ICER 2014



Common VAE Architecture for Image Generation

64
512

Decoder

Encoder

128 -
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Variational Autoencoders: Generating Data!

Labeled Faces in the Wild
32x32 CIFAR-10

Figures copyright (L) Dirk Kingma et al. 2016; (R) Anders Larsen et al. 2017. Reproduced with permission.



VAE: Factors of variations

* When different dimensions of latent space encode different
interpretable latent variables, it is pleasant

e Latent perturbation: slowly change a latent variable while keeping
fixed others
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Variational Autoencoders: Generating Data!

EEER

BEEEREEELS
SREEERERhl




Variational Autoencoders: Generating Data!

Diagonal prior on z
=> independent Degree of smile

latent variables \ . |
Different 3;
dimensions of z Vary z,

encode
interpretable factors

of variation \/ g‘el %:j:}\qua - '
‘ -%‘ﬁ%’i’i’?
P o s

< P Head pose
Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014 Vary Z, S 87




| Disentanglement RIS ar

. Disentanglement: Ideally, we want | ‘T"ﬂ"‘!“q“‘qqr‘;f ‘
ooy O < 4 .,
variables to encourage independence a:;‘ ﬁﬁ":iqg. -
e e e
R B S S N A
T




Beta-VAE

* Beta-VAE loss: p>1
ZEZNC, (z1x)|log P (xV|2)] — ﬁzDKL Clcp(le(l))llPe(Z))

Higgins et al., ICLR 2017



Beta-VAE

3-VAE VAE

* B=250

(b) emotion (smile) (a) Azimuth (rotation)

(c) hair (fringe)

Higgins et al., ICLR 2017



CVAE

Go through the same KL divergence procedure, to get the same lower bound.

Lower bound of log conditional likelihood:

log p(x|y) — D (q(zly, x)||p(zly, x))
— Ez~q(z|x,y) llogp(x|y, z)] — DKL(CI(Zly; x)llp(z))

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014



Conditional VAE (CVAE)

* Replace all p(x]|z) with p(x]|z,y)
» Replace all g(z|x) with q(z]|x,y).

X =f9(x1y) +7

Decoder network
po(x|z,y)

hg() + 0y (1 )xe \

u¢(x y) 0¢(x y) ENN(O no 7

Encoder network
qe(z|x,y)

(x,y) Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014




Variational Autoencoders

Probabilistic spin to traditional autoencoders => allows generating data

Defines an intractable density => derive and optimize a (variational) lower bound

* Pros:

— Principled approach to generative models
— Allows inference of q(z|x), can be useful feature representation for other tasks

* Cons:
— Maximizes lower bound of likelihood: okay, but not as good evaluation as PixelRNN/PixelCNN
— Samples blurrier and lower quality compared to state-of-the-art (GANs and diffusion models)

Active areas of research:
— More flexible approximations, e.g. richer approximate posterior instead of diagonal Gaussian
— Incorporating structure in latent variables
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Explicit Generative Models: So far

PixelCNNs define tractable density function, optimize likelihood of training data:

n
po(z) = || po(ilz1, ... zi—1)
i=1

VAEs define intractable density function with latent z:

po(z) = / o (2)ps(]2)dz

Cannot optimize directly, derive and optimize lower bound on likelihood instead
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