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The training formulation
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Input (X)

output (y)

• Given input output pairs at a number of locations, estimate the entire
function



Gradient descent
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• Start with an initial function

• Adjust its value at all points to make the outputs closer to the required value
– Gradient descent adjusts parameters to adjust the function value at all points
– Repeat this iteratively until we get arbitrarily close to the target function at the training points



Gradient descent
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• Start with an initial function

• Adjust its value at all points to make the outputs closer to the required value
– Gradient descent adjusts parameters to adjust the function value at all points
– Repeat this iteratively until we get arbitrarily close to the target function at the training points



Effect of number of samples

• Problem with conventional gradient descent: we try to
simultaneously adjust the function at all training points

– We must process all training points before making a single adjustment

– “Batch” update
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Incremental Update: Stochastic Gradient Descent
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• Given 𝒙 ! , 𝒚(!) , 𝒙 $ , 𝒚($) ,…, 𝒙 % , 𝒚(%)

• Initialize all weights

• Do:
– Randomly permute data

– For all 𝑛 = 1:𝑁
• Update. 𝑊 = 𝑊 − 𝜂𝛻!𝑙𝑜𝑠𝑠(𝒐 𝒏 , 𝒚(𝒏))

• Until convergence



Alternative: Incremental update

• Alternative: adjust the function at one training point at a time
– Keep adjustments small
– Eventually, when we have processed all the training points, we will have adjusted
the entire function
• With greater overall adjustment than we would if we made a single “Batch” update
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Alternative: Incremental update

• Alternative: adjust the function at one training point at a time
– Keep adjustments small
– Eventually, when we have processed all the training points, we will have
adjusted the entire function
• With greater overall adjustment than we would if we made a single “Batch” update
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• In any gradient descent optimization, presenting training instances
incrementally can be more effective than presenting them all at once

– “Stochastic Gradient Descent”
– Provided training instances must be presented in random order

• This also holds for training neural networks
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Story so far



Incremental Update: Stochastic Gradient Descent
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• Given 𝒙 ! , 𝒚(!) , 𝒙 $ , 𝒚($) ,…, 𝒙 % , 𝒚(%)

• Initialize all weights

• 𝑗 = 0

• Do:
– Randomly permute data

– For all 𝑛 = 1:𝑁
• 𝑗 = 𝑗 + 1

• Update. 𝑊 = 𝑊 − 𝜂%𝛻!𝒍𝒐𝒔𝒔(𝒐 𝒏 , 𝒚(𝒏))

• Until 𝐸𝑟𝑟 has converged

Randomize input order

Learning rate reduces with j
An epoch



Stochastic Gradient Descent

• The iterations make multiple passes over the data

• A single pass through the entire training data is called an “epoch”
– An epoch over a training set with 𝑁 samples results in 𝑁 updates of

parameters
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Explanations and restrictions

• So why does this process of incremental updates work?

• Under what conditions?
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• Except in the case of a perfect fit, even an optimal overall fit will look
incorrect to individual instances
– Correcting the function for individual instances will lead to never-ending, non-
convergent updates

– We must shrink the learning rate with iterations to prevent this

Input (X)

output (y)
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Caveats: learning rate



Question

• Full batch
• Stochastic (SGD)

• Why is it called stochastic?
• Why uphill moves?



• SGD converges “almost surely” to a global or local minimum for most functions
– Sufficient condition: step sizes follow the following conditions

!
!

𝜂! = ∞

• Eventually the entire parameter space can be searched

!
!

𝜂!" < ∞

• The steps shrink

– The fastest converging series that satisfies both above requirements is

𝜂! ∝
1
𝑘

• This is the optimal rate of shrinking the step size for strongly convex functions

– More generally, the learning rates are heuristically determined

• If the loss is convex, SGD converges to the optimal solution

• For non-convex losses SGD converges to a stationary point
16

SGD convergence



Alternative: Mini-batch update

• Alternative: adjust the function at a small, randomly chosen subset of points
– Keep adjustments small

– If the subsets cover the training set, we will have adjusted the entire function

• As before, vary the subsets randomly in different passes through the training data
– Shuffle first and reshuffle between epochs
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Mini-batch Gradient Descent
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• Given 𝒙 ! , 𝒚(!) , 𝒙 $ , 𝒚($) ,…, 𝒙 % , 𝒚(%)

• Initialize all weights
• 𝑗 = 0

• Do:
– Randomly permute data
– while 𝑛 < 𝑁

• 𝑗 = 𝑗 + 1

• Update. 𝑊 = 𝑊 − 𝜂%𝛻! ∑&'(()*+, 𝑙𝑜𝑠𝑠(𝒐 𝒊 , 𝒚(𝒊))

• 𝑛 = 𝑛 + 𝐵

• Until 𝐸𝑟𝑟 has converged

Randomize input order

An epoch



Caveats: order of presentation
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• If we loop through the samples in the same order, we may get cyclic behavior
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Caveats: order of presentation

21

• If we loop through the samples in the same order, we may get cyclic behavior



Caveats: order of presentation

• If we loop through the samples in the same order, we may get cyclic behavior

• We must go through them randomly to get more convergent behavior
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Recall: Modelling a function

• To learn a network 𝑓 𝑋;𝑾 to model a function 𝑔(𝑋), it is ideal to minimize
the expected loss

𝐸 𝑙𝑜𝑠𝑠 𝑓 𝑋;𝑊 , 𝑔 𝑋

= 4
6
𝑙𝑜𝑠𝑠 𝑓 𝑋;𝑊 , 𝑔 𝑋 𝑃(𝑋)𝑑𝑋
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7𝑌 = 𝑓(𝑋;𝑾) 𝑔(𝑋)

minimizes the expected error

𝑾∗ = argmin
!

𝐸 𝑙𝑜𝑠𝑠 𝑓 𝑋;𝑊 , 𝑔 𝑋



• In practice, we minimize the empirical error

𝐸𝑟𝑟 𝑊 =
1
𝑁
G
&',

/

𝑙𝑜𝑠𝑠 𝑓 𝑥(&);𝑊 , 𝑦(&)

• The expected value of the empirical error is actually the expected loss

𝐸 𝐸𝑟𝑟 𝑊 = 𝐸 𝑙𝑜𝑠𝑠 𝑓 𝑋;𝑊 , 𝑔 𝑋
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𝑥(&)

𝑦(&)

Recall: The Empirical risk

J𝑾 = argmin
!

𝐸𝑟𝑟 𝑓 𝑋;𝑊 , 𝑔 𝑋

minimizes the empirical error



𝐸𝑟𝑟 𝑓 𝑋;𝑊 , 𝑔 𝑋 =
1
𝑁
,
!"#

$

𝑙𝑜𝑠𝑠 𝑓 𝑥(!);𝑊 , 𝑦(!)

2𝑾 = argmin
'

𝐸𝑟𝑟 𝑓 𝑋;𝑊 , 𝑔 𝑋

• The expected value of the empirical error is actually the expected loss
𝐸 𝐸𝑟𝑟 𝑊 = 𝐸 𝑙𝑜𝑠𝑠 𝑓 𝑋;𝑊 , 𝑔 𝑋 25

𝑥(&)

𝑦(&)

The Empirical risk

The empirical error is an unbiased estimate of the expected error



• At each iteration, SGD focuses on the loss of a single sample 𝑙𝑜𝑠𝑠 𝑓 𝑥(;);𝑊 , 𝑦(;)

• The expected value of the sample error is still the expected loss 𝐸 𝑙𝑜𝑠𝑠 𝑓 𝑥;𝑊 , 𝑦
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SGD

The variance of the sample error is the variance of the loss itself: 𝑣𝑎𝑟 𝐸𝑟𝑟 = 𝑣𝑎𝑟(𝑙𝑜𝑠𝑠)

This is N times the variance of the empirical average minimized by batch update
The sample error is also an unbiased estimate of the expected error

𝑥(&)

𝑦(&)



Explaining the variance

• The blue curve is the function being approximated

• The red curve is the approximation by the model at a given 𝑊

• The heights of the shaded regions represent the point-by-point error
– We want to find the𝑊 that minimizes the average loss

𝑔(𝑥)

𝑓(𝑥;𝑊)

𝑥
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Explaining the variance

• Sample estimate approximates the shaded area with the average
length of the lines of these curves is the red curve itself

• Variance: The spread between the different curves is the variance

𝑥

𝑔(𝑥)

𝑓(𝑥;𝑊)
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Explaining the variance

• Sample estimate approximates the shaded area with the average
length of the lines

• This average length will change with position of the samples

𝑥

𝑔(𝑥)

𝑓(𝑥;𝑊)
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Explaining the variance

𝑥

𝑔(𝑥)

𝑓(𝑥;𝑊)
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• Sample estimate approximates the shaded area with the average
length of the lines

• This average length will change with position of the samples



Explaining the variance

• Having more samples makes the estimate more robust to changes
in the position of samples

– The variance of the estimate is smaller

𝑥

𝑔(𝑥)

𝑓(𝑥;𝑊)
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Explaining the variance

• Having very few samples makes the estimate swing wildly with the
sample position

– Since our estimator learns the 𝑊 to minimize this estimate, the learned 𝑊
too can swing wildly

𝑥

𝑔(𝑥)

𝑓(𝑥;𝑊)

With only one sample
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Explaining the variance
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𝑥
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Explaining the variance

• Having very few samples makes the estimate swing wildly with the
sample position

– Since our estimator learns the 𝑊 to minimize this estimate, the learned 𝑊
too can swing wildly

𝑥

𝑔(𝑥)

𝑓(𝑥;𝑊)

With only one sample
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SGD vs batch

• SGD uses the gradient from only one sample at a time, and is
consequently high variance

• But also provides significantly quicker updates than full batch GD

• Is there a good medium?
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• Mini-batch updates compute and minimize a batch error

𝐵𝑎𝑡𝑐ℎ𝐸𝑟𝑟 𝑓 𝑋;𝑊 , 𝑔 𝑋 =
1
𝑏G
&',

0

𝑙𝑜𝑠𝑠 𝑓 𝑥 & ;𝑊 , 𝑦(&)

• The expected value of the batch error is also the expected divergence
𝐸 𝐵𝑎𝑡𝑐ℎ𝐸𝑟𝑟 𝑓 𝑋;𝑊 , 𝑔 𝑋 = 𝐸 𝑙𝑜𝑠𝑠 𝑓 𝑋;𝑊 , 𝑔 𝑋 36
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y

The batch error is also an unbiased estimate of the expected error

Mini Batches



• Mini-batch updates compute and minimize a batch error

𝐵𝑎𝑡𝑐ℎ𝐸𝑟𝑟 𝑓 𝑋;𝑊 , 𝑔 𝑋 =
1
𝑏G
&',

0

𝑙𝑜𝑠𝑠 𝑓 𝑥 & ;𝑊 , 𝑦(&)

• The expected value of the batch error is also the expected loss
𝐸 𝐵𝑎𝑡𝑐ℎ𝐸𝑟𝑟 𝑓 𝑋;𝑊 , 𝑔 𝑋 = 𝐸 𝑙𝑜𝑠𝑠 𝑓 𝑋;𝑊 , 𝑔 𝑋 37
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The batch error is also an unbiased estimate of the expected error

Mini Batches

The variance of the batch error: 𝑣𝑎𝑟(𝐸) = 1/𝑏 𝑣𝑎𝑟(𝑙𝑜𝑠𝑠)
This will be much smaller than the variance of the sample error in SGD



Mini-batch gradient descent

• Large datasets
– Divide dataset into smaller batches containing one subset of the main training set
– Weights are updated after seeing training data in each of these batches

• Vectorization provides efficiency



Gradient descent methods

Batch 1
𝑋 , , 𝑌{,}

Batch 2
𝑋 3 , 𝑌{3}

Batch m
𝑋 4 , 𝑌{4}

Batch size=1 Batch size=n
(the size of training set)

Batch gradient Stochastic gradient  Stochastic mini-batch gradient 

e.g., Batch size= 32, 64, 128, 256

n: whole no of training data
bs: the size of batches  
𝑚 = (

0
: the number of batches 



Mini-batch gradient descent
For epoch=1,…,k

shuffle training data

1. For t=1,…,m
1. Forward propagation on 𝑋{>}

2. 𝐽{>} = @
A
∑B∈DE>FG# 𝐿 7𝑌B

> , 𝑌B
> + 𝜆𝑅(𝑊)

3. Backpropagation on 𝐽{>} to compute gradients 𝑑𝑊
4. For 𝑙 = 1,… , 𝐿

1. 𝑊[I] = 𝑊[I] − 𝛼𝑑𝑊[I]

𝐴[6] = 𝑋{8}
1. For 𝑙 = 1, … , 𝐿

1. 𝑍 I = 𝑊[I]𝐴 IK@

2. 𝐴[I] = 𝑓 I 𝑍 I

7𝑌(
8 = 𝐴(

91 epoch:
Single pass 
over all 
training
samples

Batch 1
𝑋 , , 𝑌{,}

Batch 2
𝑋 3 , 𝑌{3}

Batch m
𝑋 4 , 𝑌{4}

Vectorized computaion



Gradient descent methods

Batch size=1 Batch size=n
(the size of training set)

Batch gradient descent Stochastic gradient descent  Stochastic mini-batch gradient 

e.g., Batch size= 32, 64, 128, 256

• Does not use vectorized
form and thus not 
computationally efficient 

• Need to process whole 
training set for weight 
update

• Vectorization
• Fastest learning

(for proper batch size)



Mini-batch gradient descent: loss-#epoch curve



Measuring error

• Convergence is generally defined in terms of the overall training error
– Not sample or batch error

• Infeasible to actually measure the overall training error after each
iteration

• More typically, we estimate is as
– Average sample/batch error over the past 𝑁 samples/batches
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• SGD: Presenting training instances one-at-a-time can be more effective than full-batch
training
– Provided they are provided in random order

• For SGD to converge, the learning rate must shrink sufficiently rapidly with iterations
– Otherwise the learning will continuously “chase” the latest sample

• SGD estimates have higher variance than batch estimates

• Minibatch updates operate on batches of instances at a time
– estimates have lower variance than SGD
– Allows us to perform batch processing

44

Story so far



Some practical issues about 
learning rate



Learning rate

• SGD, SGD+Momentum, Adagrad, RMSProp, Adam all have learning
rate as a hyperparameter.

• Learning rate is an important hyperparameter that usually adjust first



Which one of these learning rates is best to use?



Learning rate

• Start with small regularization
and find learning rate that
makes the loss go down.

• loss not going down: learning
rate too low

Loss barely changing: Learning rate is probably too low

Notice train/val accuracy goes to 20% though, what’s up 
with that? (remember this is softmax)



Choosing learning rate parameter

• loss not going down: learning rate too low

• loss exploding: learning rate too high

• Rough range for learning rate we should be cross-validating is
somewhere [1e-3 … 1e-5]

cost: NaN almost always means high learning rate...



Learning rate

• Start with small regularization
and find learning rate that
makes the loss go down.
• loss not going down:
learning rate too low
• loss exploding: learning rate
too high

3e-3 is still too high. 
Cost explodes....=> Rough range for learning rate we 
should be cross-validating is somewhere [1e-3 ... 1e-5]



Monitoring loss function during iterations



Learning rate decay

• Maybe during the initial steps of learning, you could afford to take
much bigger steps

• But then as learning approaches converges, then having a slower
learning rate allows you to take smaller steps



Learning rate scheduling

• Need for learning rate schedules
– Benefits

• Converge Faster
• Higher accuracy

• Top Basic Learning Rate Schedules
– Step-wise decay
– Reduce on loss plateau decay
– Cosine decay (Loshchilov & Hutter, 2017)
– trapezoidal schedule (Xing et al., 2018)
– …

Step-wise: Reduce learning rate at a few fixed points. e.g. 
for ResNets, multiply LR by 0.1 after epochs 30, 60, and 90



Learning rate decay

• Linear: 𝛼C = 𝛼D 1 − C
E

– 𝛼V: Initial learning rate
– 𝛼W: Learning rate at epoch t
– 𝑇: Total number of epochs

Devlin et al, “BERT: Pre-training of Deep Bidirectional Transformers for Language Understanding”, 2018



Learning rate decay

• Cosine: 𝛼C =
!
$
𝛼D 1 + 𝑐𝑜𝑠 CF

E
– 𝛼V: Initial learning rate
– 𝛼W: Learning rate at epoch t
– 𝑇: Total number of epochs

Loshchilov and Hutter, “SGDR: Stochastic Gradient Descent with Warm Restarts”, ICLR 2017
Radford et al, “Improving Language Understanding by Generative Pre-Training”, 2018
Feichtenhofer et al, “SlowFast Networks for Video Recognition”, arXiv 2018
Child at al, “Generating Long Sequences with Sparse Transformers”, arXiv 2019



Learning Rate Decay

• Inverse sqrt: 𝛼C =
G!
√C

– 𝛼V: Initial learning rate
– 𝛼W: Learning rate at epoch t
– 𝑇: Total number of epochs

Vaswani et al, “Attention is all you need”, NIPS 2017



Learning rate decay: Linear warmup

• High initial learning rates can make loss explode; linearly increasing
learning rate from 0 over the first ~5,000 iterations can prevent this.
• Empirical rule of thumb: If you increase the batch size by N, also scale
the initial learning rate by N

Goyal et al, “Accurate, Large Minibatch SGD: Training ImageNet in 1 Hour”, arXiv 2017



Summary

• Stochastic Gradient Descent (SGD)
• Mini-batch update
• Learning rate schedulars


